We discuss characterization and stability of the topological order of the Haldane phase. We find that an odd-S Haldane phase has a robust topological order protected by any one of the following three global symmetries: (i) the dihedral group of π-rotations about x, y and z axes; (ii) time-reversal symmetry S x,y,z → −S x,y,z ; (iii) link inversion symmetry (reflection about a bond center). On the other hand, an even-S Haldane phase is more fragile and protected only by global SU(2) symmetry. The symmetry protection can be extended to more general models, such as spin ladders.
States of matter can be classified into different phases, which are often distinguished by (local) order parameters. Identification of phases generally requires certain symmetries. For example, the ordered phase and the disordered phase of the Ising model can be sharply divided only in the presence of the Z 2 symmetry of spin reversal. In the absence of the symmetry, the two phases can be connected without a phase transition and thus cannot be distinguished uniquely. In this Ising example, the phase transition corresponds to the spontaneous breaking of the Z 2 symmetry. Therefore, it is natural that the Z 2 symmetry is required to protect the ordered phase as a well-defined phase distinct from the disordered phase.
On the other hand, even when there is no local order parameter or spontaneous breaking of a global symmetry, we sometimes find distinct quantum phases separated by quantum phase transitions. We then attribute the distinction to a "topological order". While there are several known characterizations of the topological order, the complete understanding of the topological order is still lacking. The related question, what kind of symmetry, if any, is required to protect the topological order, is much less obvious compared to the case of a standard spontaneous symmetry breaking.
One of the simplest examples of the topologically ordered phases is the Haldane phase in quantum spin chains. As predicted by Haldane, the Heisenberg antiferromagnetic (HAF) chain with an integer spin S
where J > 0, has a nonzero excitation gap and exponentially decaying spin correlation functions, while the same model is gapless and has power-law correlations for a half-integer S. Following Haldane's prediction, Affleck, Kennedy, Lieb, and Tasaki (AKLT) presented model Hamiltonians, for which the groundstate can be obtained exactly [1, 2] . In addition to providing a concrete realization of the Haldane conjecture, the groundstate (AKLT state) was later found to exhibit several unexpected properties, such as a nonlocal "string order" and edge states. These may be regarded as manifestations of a topological order.
On the other hand, despite the relative simplicity of the quantum spin chains and intensive study over several decades, their topological order is still not fully understood. In fact, it was only recently that the importance of inversion (parity) symmetry in the Haldane phase was pointed out. Based on a field-theory (bosonization) analysis of a related boson model, Berg et al. [3] pointed out that the S = 1 Haldane phase is distinct from other phases only in the presence of the inversion symmetry. Later, based on the Tensor Entanglement Filtering Renormalization Group (TERG) approach, Gu and Wen [4] stated that the S = 1 Haldane phase is protected by the combination of the translation, complex conjugation ("time reversal") [5] , and inversion symmetry. They pointed out that the combined symmetry above protects the topological order, even when the existing characterizations (edge states and string order) do not work.
In this Letter, we examine the topological order in onedimensional quantum spin systems and its robustness, in a wider context. We find that the topological order in the odd-S AKLT is robust against various perturbations. The protection of the topological order does not require the entire symmetry proposed in Ref. [4] , but just any one of the three symmetries listed in the abstract. In particular, just link inversion symmetry is sufficient to protect the topological order. This reveals a novel characterization of the topological order, based on an intrinsic parity with respect to link inversion of the groundstate. The symmetry protection of the topological order can also be extended to more general systems such as spin ladders; the topological order is robust when the number of valence bonds across a "cut" (which separates the system into two) is odd.
On the other hand, the topological order is fragile when the number of valence bonds across the cut is even. For example, the S = 2 AKLT state is adiabatically connected to the trivial state once the SU(2) symmetry is lost.
First let us briefly review the previous studies on the hidden order and edge states in the Haldane phase. It is believed that the groundstate of the standard Heisenberg chain belongs to the Haldane phase, which also includes the translationally invariant Affleck-Kennedy-Lieb-Tasaki (AKLT) state. The S = 1 AKLT state exhibits the following two remarkable properties: (I) Free S = 1/2 degree of freedom appearing at each end of the chain in the case of open boundary conditions. Namely, the groundstate of the AKLT Hamiltonian is 4-fold degenerate due to the 2 2 edge states, although the groundstate is unique in the case of periodic boundary conditions; (II) A nonlocal order measured by the string order parameter
Kennedy and Tasaki [6] unified these two as consequences of a spontaneous breakdown of a hidden Z 2 × Z 2 symmetry. Namely, the nonlocal unitary transformation (see also [7] )
transforms a wide range of spin chain Hamiltonians into a Hamiltonian with only short-range interactions. The transformed Hamiltonian generally has a global discrete symmetry with respect to rotation by angle π about x, y, and z axes [6] . The symmetry group, sometimes called the dihedral group D 2 , is equivalent to Z 2 ×Z 2 , since the product of π-rotations about the x and y axes gives the π-rotation about the z axis. This symmetry is hidden in Hamiltonian (1) in a nonlocal manner. The Kennedy-Tasaki transformation (3) maps the string order parameter to the usual ferromagnetic order parameter. Thus, when the hidden Z 2 × Z 2 symmetry is broken spontaneously, the ferromagnetic long-range order for the transformed Hamiltonian implies a non-vanishing string order for the original Hamiltonian (1). On the other hand, the hidden Z 2 × Z 2 symmetry breaking also implies a 4-fold groundstate degeneracy for the transformed Hamiltonian. Since the mapping by the unitary (3) to the short-range interaction Hamiltonian requires open boundary conditions, this implies a 4-fold groundstate degeneracy of the original Hamiltonian (1) only for open boundary conditions. Consequently, edge states exist and the 4-fold degeneracy matches the degeneracy expected from S = 1/2 degrees of freedom at each end.
Here, let us clarify the range of applicability of the hidden Z 2 × Z 2 symmetry. Some spin chain Hamiltonians are transformed into systems with nonlocal interactions by U KT , and thus the hidden Z 2 × Z 2 symmetry argument is inapplicable. Since U KT is inverse to itself, the condition for a Hamiltonian H to be related by U KT to a Hamiltonian with short-range interaction is that H has a global D 2 (= Z 2 × Z 2 ) symmetry of π-rotations about x, y, and z axes.
The topological order in the Haldane phase for S > 1 has been less understood. Once the transformation is written as Eq. (3), it can be readily applied to any integer S, and the transformation of the Hamiltonian and the string order parameter remain the same. However, it turns out that the hidden Z 2 ×Z 2 symmetry is spontaneously broken in the translationally invariant AKLT state only if S is odd, but unbroken if S is even. [7] This can also be seen by counting the degeneracy of the edge states. Therefore, with regard to the hidden Z 2 × Z 2 symmetry, the even-S AKLT state is indistinguishable from a trivial disordered state. However, the physical meaning of this finding was not well understood.
In the following, we investigate two other characterizations of the topological order in one-dimensional quantum spin systems. Each characterization implies protection of the topological order in the presence of a different symmetry. We find that the odd-S and even-S AKLT state indeed differ in the robustness of the topological order, as was suggested, in retrospect, by the hidden Z 2 × Z 2 symmetry analysis.
Let us now discuss the topological order, from the viewpoint of "edge physics". Here we apply the idea similar to what was used to characterize the quantum spin Hall insulator [8] . As long as the gap does not close in the bulk, we may focus on the nearly degenerate groundstates corresponding to the edge states. The spin-S AKLT state with open boundary conditions has a spin-S/2 edge degree of freedom at each end, and thus (S + 1)-fold degeneracy at each end. In general, if we introduce a perturbation to the Hamiltonian, the edge degeneracy is expected to be lifted. However, if the edge spin is half-integer, namely for the odd-S AKLT state, as long as the Hamiltonian has the time-reversal symmetry, the two-fold Kramers degeneracy at each edge should remain. As a consequence, the odd-S AKLT state must be separated from a trivial disordered state by a quantum phase transition. In this sense, the topological order in the odd-S AKLT state is robust and protected by time-reversal symmetry.
On the other hand, for the even-S AKLT state, the edge spin is integer. Thus the degeneracy is lifted by a generic perturbation even if the Hamiltonian is invariant under time reversal, because there is no Kramers degeneracy. Nevertheless, a similar argument on the edge states implies that some kind of topological order also exists in the even-S AKLT state. Namely, as long as the SU(2) symmetry is kept, the SU(2) multiplet of the S +1 edge states should remain, unless the gap is closed in the bulk. This means that the topological order of an even-S AKLT state is protected by the global SU(2) symmetry.
However, the corresponding topological order is rather fragile. Let us introduce the trivial tensor-product state |D = | . . . 00000 . . . . Once the SU(2) symmetry is lost, even in the presence of many other symmetries, the even-S AKLT state can be adiabatically connected to |D . We present such an interpolation explicitly in terms of Matrix Product States (MPS) [9, 10] . On a chain of length L with periodic boundary conditions, a translation invariant MPS is given by
where A m are χ × χ matrices, and |m j represents a local state at site j. We shall refer to the matrix dimension χ as the ancilla dimension. Let us discuss the S = 2 case as the simplest example. We take the standard S z -basis so that m j = −2, −1, 0, 1, 2 can be identified with the eigenvalue of S z j . We take χ = 3 as for the S = 2 AKLT state and choose the matrices A m as a function of a parameter t:
Here, A AKLT m is the MPS representation for the S = 2 AKLT state [11] :
(6) By construction, the resulting MPS state |Ψ(t) coincides with the S = 2 AKLT state at t = 1, and reduces to the trivial state |D at t = 0. |Ψ(t) is not invariant under the global SU(2) symmetry, except at t = 1. On the other hand, it respects U(1) symmetry (conservation of total S z ), translation symmetry, global D 2 symmetry, time-reversal symmetry, and inversion symmetry. AlthoughÃ m (t) itself is not in the canonical form [12] of the MPS, for 0 < t ≤ 1, it can be transformed to the canonical form A m (t) which satisfies the conditions for the pure states. At t = 0, the MPS representation is no longer canonical with respect to the ancilla dimension χ = 3, but is canonical with respect to the truncated ancilla dimension χ = 1. The correlation length for any local observable remains finite in |Ψ(t) for 0 ≤ t ≤ 1. (The correlation length is directly obtained by diagonalizing the transfer-matrix for |Ψ(t) .) This means that the S = 2 AKLT state is connected adiabatically to the trivial state |D , without crossing any quantum phase transition. Moreover, the general theorem in Ref. [12] ensures that |Ψ(t) is the unique ground state of a Hamiltonian with only short-range interactions and there is a nonvanishing excitation gap. Thus the topological order in the even-S AKLT states is rather fragile, and vanishes once the SU(2) symmetry is lost. On the other hand, we have shown that the topological order in the odd-S AKLT states is robust and protected either by global D 2 symmetry (thanks to the hidden Z 2 × Z 2 symmetry) or global time-reversal symmetry (thanks to the Kramers degeneracy of the edge states).
We note that, although global D 2 invariant models and time-reversal invariant ones have a large overlap, they are not identical. For example, the anisotropic perturbation
Now we introduce another characterization of the topological order, which implies that the topological order in the odd-S Haldane phase is also protected just by link inversion symmetry (lattice inversion about the center of a bond). To illustrate the point, it is convenient to consider first an AKLT state on a chain of odd length L with periodic boundary conditions. Although the system is frustrated for odd L, the ground state of the AKLT model is still unique, reflecting the short-range spin correlations. For example, we discuss the S = 1 AKLT state for L = 7 as shown in Fig. 1 , and inversion I about the vertical line. 
(For a related discussion in a different setting, see Ref. [13] .) The same argument can be easily applied to higher-spin AKLT states, and the odd-S AKLT state is odd under inversion on a ring with any odd length L. Even if we introduce perturbations to the odd-S AKLT model, the ground state on the odd length ring should still be odd under inversion, as long as the Hamiltonian respects the inversion symmetry and the gap does not close. On the other hand, a trivial state given by a tensor product of local states, such as |D , is even under I. Therefore we conclude that there must be a phase transition between the odd-S AKLT state and the trivial |D state, if the inversion symmetry is kept. Namely, the topological order of the odd-S Haldane phase is protected just by the inversion symmetry. We emphasize that the topological order is characterized by the odd parity under the inversion but not by a spontaneous symmetry breaking. The above heuristic argument, based on the global properties of the ground state under inversion, requires the ring to have an odd length L. However, this is not essential, as can be seen in the following more general formulation based on MPS. [14] Let us consider a system that is inversion invariant. Although our analysis does not depend essentially on translation symmetry, here we also assume the translation invariant MPS as in Eq. (4), for the sake of simplicity. We assume that the ground state |Ψ 0 fulfills the following conditions: (a) |Ψ 0 can be well approximated by finite dimensional matrices A m , (b) The matrices A m evolve continuously as we change a parameter of the Hamiltonian, and (c) |Ψ 0 is a pure state [12] . It is useful to write the matrices A m as A m = Γ m Λ, where Λ is a diagonal matrix containing the square roots of the eigen-values of the reduced density matrix, and the matrices Γ m and Λ can be chosen to satisfy [15] 
The first equality, for example, implies that the transfer matrix
* has a right eigenvector 1 with eigenvalue λ = 1 (Note that condition (c) implies that all other eigenvalues have smaller magnitudes [16] ). A reflection corresponds to transposing all matrices Γ m → Γ T m . This transformation preserves the canonical form of the MPS. Since we assume the state to be invariant under inversion, we know from Refs. [14, 16] that there exists a unitary U I with [U I , Λ] = 0 such that
By iterating this relation twice, we arrive at Γ m = e 2iθI U I U * I † Γ m U I U * I . Combining this relation with Eq. (8), we obtain m Γ † m ΛU I U * I ΛΓ m = e 2iθI U I U * I . I.e., the matrix U I U * I is an eigenvector of the transfer matrix with an eigenvalue e 2iθI . Since we assume that all eigenvectors with unimodular eigenvalues are proportional to 1 with eigenvalue λ = 1, θ I is either 0 or π and U I U * I = e −iφI 1, or U T I = e iφI U I . Iterating the latter relation twice, we find that φ I can be either 0 or π, i.e., U I is either symmetric or antisymmetric. Eq. (9) implies that, for Γ m to evolve continuously, U I has to be continuous (up to a phase) and therefore must remain symmetric or antisymmetric. Therefore, the only way in which φ I and θ I can change is through a phase transition, in which one of the assumptions above break down. For example, second order phase transitions through conformal critical points are characterized by a diverging entanglement entropy and thus violate (a) [17] . A violation of (b) corresponds to a first order (discontinuous) phase transition. Violations of (c) correspond to a level crossing in the spectrum of the transfer matrix T which implies a quantum phase transition, as discussed in detail in Ref. [18] .
The S = 1 AKLT state can be represented by a MPS with Γ a = σ a / √ 2. Here σ a (a = x, y, z) are Pauli matrices and we use the time-reversal invariant spin basis |x =
Under reflection of the system, the matrices transform as σ a → σ T a = −σ y σ a σ y . Therefore U I = σ y and θ I = φ I = π. We also find θ I = φ I = π for other odd S while θ I = φ I = 0 for even S. The state |D , on the other hand, transforms simply as Γ T m = Γ m (since the Γ m are scalars) and thus θ I = φ I = 0. Consequently, the system has to undergo a phase transition when going from the odd-S AKLT state to the trivial state |D , in agreement with the preceding heuristic argument.
So far, we have restricted our discussion to the translation invariant case, where link inversion (reflection about a bond center) and site inversion (reflection about a site) are equivalent. The present analysis can be generalized to systems without the translation symmetry [14] . We find that what is essential is the link inversion, not the site inversion. Even if the Hamiltonian is perturbed by bond modulations that break translation symmetry, the odd-S AKLT state remains distinct from the trivial state as long as the link-inversion symmetry is preserved.
Our analysis can be extended to more general one dimensional quantum spin systems, such as chains with bond alternation, spin ladders and tubes. In the AKLT-type construction based on valence bonds, when a "cut" (such as the vertical line in Fig. 1 ) is crossed by an odd number of valence bonds, the state has a robust topological order protected by either timereversal or link-inversion symmetry, thanks respectively to the edge Kramers degeneracy or the odd parity with respect to link inversion. For example, the n-leg S = 1 Heisenberg ladder, in the weak rung coupling limit (where each chain becomes independent), has a robust topological order when n is odd. The topological order extends to a finite rung coupling (up to a possible quantum phase transition), provided that either time-reversal or link inversion is kept. 
